Abstract. -We formulate a multi-variable p-adic Birch and Swinnerton-Dyer conjecture for pordinary elliptic curves A over number fields K. It generalises the one-variable conjecture of MazurTate-Teitelbaum, who studied the case K = Q and the phenomenon of exceptional zeros. We discuss old and new theoretical evidence towards our conjecture and in particular we fully prove it, under mild conditions, in the following situation: K is imaginary quadratic, A = E K is the base-change to K of an elliptic curve over the rationals, and the rank of A is either 0 or 1.
Introduction
Let A/Q be an elliptic curve, p be a prime. Mazur-Tate-Teitelbaum [28] observed long ago that if A has split multiplicative reduction at p, the p-adic L-function L p (A) of A vanishes at its central argument even when the complex L-function L(A, s) does not (due to the vanishing of the interpolation factor relating their two values). They went on to conjecture that L p (A) has order of vanishing equal to exactly one more than that of L(A, s), and to give a precise conjectural formula for its leading term.
The purpose of this work is to formulate a generalisation of their conjecture valid for elliptic curves over number fields, and to provide evidence in its favour. A salient feature of this generalisation is the presence of several variables.
Evidence and motivation for a conjecture are two sides of the same mathematical coin, with the expository difference that the latter is presented before rather than after. Readers eager to look at the side of motivation may prefer to start by looking at the various formulas at the end of §5.2.
1.1. The conjecture. -Fix a rational prime p and assume throughout this paper that A/K is an elliptic curve with ordinary (good or multiplicative) reduction at all primes p|p of K. The first point of difference to [28] is that in general the existence of a p-adic L-function for A is far from being known. It will therefore be a preliminary hypotheses; we formulate it after introducing some notation.
p-adic L-function. -Let Γ be a Z p -free quotient of the Galois group of the maximal abelian extension of K. Via the reciprocity law of class field theory, it is equipped with a surjective homomorphism
Fix a finite extension L of Q p containing, for all primes p|p of good reduction, a splitting field for the polynomial P p (X) = X 2 − a p X + N(p), where a p = N(p) + 1 − |A(k p )| (here k p is the residue field, N (p) = |k p |). We let α p ∈ L be the unique root of P p (X) which is a unit in O L if p is a prime of good reduction, and α p = +1 (respectively, α p = −1) if p is a prime of split (respectively, non-split) multiplicative reduction. Finally, we let Q(α) := Q((α p ) p|p ) ⊂ L.
The (hypothetic) p-adic L-function L (Γ)
p (A) will be an element of O L Γ ⊗ L, which we also view as the ring O(Y Γ ) b of bounded regular functions on the Cartier dual of Γ over L: this is a rigid space Y Γ /L whose R-valued points, for any affinoid L-algebra R, parametrise continuous characters χ : Γ → R × ; accordingly, we will write L (Γ)
Hypothesis (L p ). -The complex L-function of A and its twists L(A, χ, s) by finite characters of Γ have analytic continuation to the entire complex plane, and there exists an element
satsifying the following property: for each finite extension Q(α, χ) of Q(α), each finite order character χ : Γ → Q(α, χ) × , and each pair (ι ∞ , ι p ) of an embedding ι ∞ : Q(α, χ) ֒→ C and a Q(α)-embedding ι p : Q(α, χ) ֒→ L, we have
where Ω A is the Néron period appearing in the Birch and Swinnerton-Dyer conjecture for A [46] , D K is the discrimimant of K, and the local factors e p (χ p ) are given as follows:
if χ p is ramified of conductor f p .
Here α for some choice (1) of an additive character ψ p of K p of level 0.
Note that the interpolation property determines L (Γ)
p (A) uniquely if it exists. When Γ is the Galois group Γ K of the maximal Z p -extension of K (or when Γ is understood from context), it will be omitted from the notation. p (A, ψp)(χ). For a careful discussion of this point and formalisation of the 'space of additive characters of level 0', see [16, Theorem A] . In this paper we will be interested in the leading term at χ = 1, which is independent of choices. (2) We should remark, to clear any possible confusion which might be genrated by our notation, that d r Lp(A, 1) is the analogue of the usual Taylor coefficient 1 r! L ( r) (A, 1) (and not of the r th derivative L ( r) (A, 1)). The integer r is interpreted as the rank of the extended Mordell-Weil group A † (K). In order to define it, recall first that Tate proved that if A ′ /F is an elliptic curve with split multiplicative reduction over a non-archimedean local field F , there is a rigid analytic isomorphism G an m,F /q Z → A ′an for some q ∈ F × (called the Tate period of A ′ /F and chosen to satisfy ord p (q) > 0). Then, letting q A,p be the Tate period of A/K p for p ∈ S 2. Letting c v (A) denote the local Tamagawa number of A at a prime v of K and R NT (A) be the regulator of (1.1.5) on A(K), the number
belongs to Q × . 3. The Tate-Shafarevich group X(A) is finite, and its order equals |X(A)| an .
We may now state the p-adic Birch and Swinnerton-Dyer conjecture (BSD p ).
Conjecture (BSD p ). -Let A be an elliptic curve over a number field K, p a rational prime such that A has ordinary reduction at all the primes p|p of K. Let Γ be a Z p -free quotient of Gal(K ab /L). Suppose that Hypotheses (L p ) and (BSD ∞ )-1-2 are satisfied and that ord s=1 L(A, s) = r. Let S p be the set of primes of K above p, S exc p ⊂ S p its subset of primes of split multiplicative reduction for A, and let
and their dimension is r, and
-If the conjecture holds, the order of vanishing at 1 of L (Γ) p (A) is r if and only if R ℓ (A) = 0, i.e. if the extended height pairing (1.1.6) is non-degenerate. This is conjectured to hold under the assumptions stated before the conjectured equality (1.1.3) (which is thus recovered); it can fail in general.
Remark 1.1.3. -The rank of Γ K is 1 + s + δ, where s is the number of complex places of K and δ = δ K,p is the Leopoldt defect of K at p (conjectured, and known if K is abelian, to be 0). Therefore rank Sym r Γ K = s + δ + r r .
Remark 1.1.4. -It is easy to see that if the conjecture holds for Γ, then it holds for any quotient Γ ′ of Γ. One further important case of (BSD p ) was considered before, namely when A = E K is the base-change of an elliptic curve over Q to an imaginary quadratic field K and Γ = Γ − is the rank-1 quotient of Γ K on which the complex conjugation c ∈ Gal(K/Q) acts by −1. This anticyclotomic single-variable conjecture was stated and studied by Bertolini-Darmon in a series of works beginning with [3] .
1.2.
Evidence. -The rest of this paper presents the evidence for Conjecture (BSD p ), whose compatibility with the conjecture of [28] is recalled in Proposition 3.1.1.
The results are of course concentrated in the cases where something is known for the classical conjecture (BSD ∞ ), namely when A is an elliptic curve over Q (or a totally real field F ) or its base-change to an imaginary quadratic field (or a quadratic CM extension of F ), and the archimedean analytic rank is at most 1. The cases of higher-degree totally real and CM fields are largely analogous to the cases of Q and imaginary quadratic fields, but the results there a little more fragmentary and a little less clean. We will therefore limit our discussion of them to various remarks (3.2.3, 3.2.4, 4.2.6) throughout the main body of the text. Theorem A. -Let E/Q be an elliptic curve of conductor N with ordinary reduction at the prime p. Suppose that r an := ord s=1 L(E, s) ≤ 1 and that ( * ) if r an = 1 and S exc p (E) = ∅, then p ≥ 5 and there exists another prime m = p of multiplicative reduction for E.
Then Hypotheses (L p ) and (BSD ∞ )-1-2 are satisfied, and Conjecture (BSD p ) holds.
Theorem B.
-Let E/Q be an elliptic curve of conductor N with ordinary reduction at the prime p. Let K be an imaginary quadratic field of discriminant prime to N p and let A = E K be the base-change. Suppose that r an := ord s=1 L(A, s) ≤ 1 and that ( * ′ ) if r an = 1 and S exc p (A) = ∅, then p ≥ 5 and there exists another prime m = p of multiplicative reduction for E, and moreover:
(a) if p is inert in K, then the prime m can be chosen to be also inert in K;
A new exceptional zero height formula. -We highlight the main new case of Theorem B, thereby also exemplifying the type of formulas predicted by our conjecture. Let us introduce some notation.
as above, the L-invariant (as introduced in [28] ) is
We place ourselves in the setup of Theorem B. The dihedral action of Gal(K/Q) induces an eigenspace decomposition Γ K = Γ + × Γ − , with Γ + identified with Γ Q via the adèlic norm and each of the factors free of rank 1 over Z p ; we obtain a corresponding decomposition
, where ℓ ± : Γ → Γ ± is the projection. Finally, there is another pairing h
, which is defined by means of universal norms and whose relation with h can will be recalled in (2.1.1) below: we let
Theorem C.
-Let E/Q be an elliptic curve with conductor N and split multiplicative reduction at the prime p ≥ 5. Let K be an imaginary quadratic field such that all primes dividing N split in K and let
Outline of proofs. -The proof of Theorem A in §3 is reduced, according to the value of r an and the reduction type of E at p, to various formulas of Perrin-Riou [36] , Greenberg-Stevens [17] , Venerucci [48] , and the author [16] . The present work claims no originality for it (save perhaps for the precise determination of constants in Venerucci's formula for the case of r = 1 and split multiplicative reduction). Theorem B is also separated into several cases, according as above to the value of r an , the reduction type of E at p, and the behaviour of p in K. Moreover each case is broken down into several formulas according to the natural rank one quotients Sym
The results in each individual case sometimes hold under weaker assumptions than those of Theorem B.)
We single out two cases: the purely cyclotomic case of i = r, which reduces to Theorem A for E and the twist E (K) , and the almost-anticylotomic case of i = 0 or i = 1 (depending on the sign ε of the functional equation for L p (A)). Our range of r is low enough that those two cases, together with some identities 0 = 0 deduced from parity considerations, will suffice to cover Theorem B.
In §4, we first review the construction of Y − -families of Heegner points on A in the case of ε = −1, as well as analogous functions on Y − if ε = +1 (theta elements). Then we (re)formulate conjectures of Bertolini-Darmon [3] on their leading terms at 1 ∈ Y − , and describe the evidence: they are known under mild conditions if the rank of A is at most 1. Several cases are due to Bertolini-Darmon themselves [4] [5] [6] ; we deduce one further case from a recent formula independently proven by Castella [12] and Molina Blanco [30] . Finally, we state (partly conjectural) explicit versions of the p-adic Gross-Zagier and Waldspurger formula in anticyclotomic families, based on recent works of Chida-Hsieh [13] and the author [16] .
The key observation made in §5 is that, granted the anticylotomic versions of the p-adic GrossZagier and Waldspurger formulas, the almost-anticyclotomic case of (BSD p ) for A is essentially equivalent to the Bertolni-Darmon conjecture for A. This allows to complete the proof of Theorem B, of which Theorem C is shown to be a special case.
1.3. Miscellaneous remarks. -We conclude this introduction with some comments on Conjecture (BSD p ).
Supersingular primes. -The presence of primes p|p of good supersingular reduction could also be allowed; the associated variations, however, would be orthogonal to the situation of exceptional zeros, which is the most interesting phenomenon investigated in this paper. We therefore prefer to leave the extension to the interested reader, who may consult e.g. [2] for the case of elliptic curves over Q, [39] for the most general case (but restricted to the cyclotomic variable), and [44] and references therein for alternative formulations.
Generalisations. -It is easy to imagine that the conjecture can be extended, with appropriate variations, to the case of abelian varieties, or to twisted cases, or to modular forms of higher weight. In fact, we regard it as a special case of a very general multi-variable conjecture on the leading terms of p-adic L-functions for deformations of (symplectic) motives, to which we hope to return in future work.
Invitation to numerical investigations. -In this paper, we have strived not for generality but for keeping the conjecture as concrete and elementary as possible: we hope this will encourage some of our readers to try and test it numerically in new cases.
On the rational part in the arithmetic side. -The formulation chosen for Conjecture (BSD p ) is slightly spurious in that the term |X(A)| an appearing in its right-hand side should ideally be replaced by its conjectural value |X(A)|. The reason behind our choice is that, in practice, the study of this rational term and of Conjecture (BSD p ) in our formulation are often best approached separately. Nevertheless the "purer" version of the conjecture would probably have the advantage of admitting a rephrasing, up to p-units, solely in terms of invariants of the Nekovář-Selmer complex underlying the extended Selmer group (7) (concretely, in terms of the discriminant of h on H Relation to Iwasawa main conjectures. -We expect the Birch and Swinnerton-Dyer conjecture for the extended Selmer group alluded to above to be a consequence of a suitable version of the Iwasawa main conjecture and the hypothetic non-degeneracy of h, via the formulas of loc. cit.. In the situation of Theorem B, the relevant main conjecture is the two-variable main conjecture for A = E K , which is proved in [42] when the root number of A is +1. It is also to be expected that Theorem C up to p-units should follow from the Birch and Swinnerton-Dyer conjecture in anticyclotomic family for A; in the complementary case of good reduction, this conjecture was recently proved by X. Wan [50] On the work of Venerucci. -Theorem A, in the case of exceptional zeros and rank one, refines the recent result of Venerucci [48, Theorem D] on the original conjecture of [28] . In the same work he obtains a a two-variable exceptional zero formula [48, Theorem C], which can be regarded as an instance of the general multi-variable conjecture alluded to above, and which was for us a source of inspiration alongside the works of Bertolini-Darmon and Castella.
Exceptional p-adic heights formulas. -The formula of Theorem C stands alongside Venerucci's [48, Theorem D] (see also Proposition 3.2.5 below) as a second example of exceptional zero formulas for p-adic heights of points on rank one curves. Its proof only uses Heegner points through the author's formula of [16, Theorem C] (also valid over totally real fields) and the work of Castella [12] (for Q, but in principle generalisable) and Molina Blanco [30] (also valid for totally real fields, with an a priori different notion of L-invariants). Therefore Theorem C should also be generalisable to totally real fields.
On the other hand, the proof of [48, Theorem D] makes essential use of Beilinson-Kato classes, whose analogue in the case of totally real fields has yet to be constructed (cf. [34] ). 
Foundations
We start this section with a brief review of the various p-adic height pairings we will need in this paper. Then we give some explicit versions of the Waldspurger, Gross-Zagier, and p-adic GrossZagier formulas. in the first two cases these are directly taken from recent works of Cai-Shu-Tian [10] and Chida-Hsieh [13] based on the general formulas of Waldspurger and Yuan-Zhang-Zhang [51] ; in the latter p-adic case we apply the results of [10, 13] to deduce them from [16] .
2.1. p-adic height pairings. -Let A/K be an elliptic curve over a number field, with ordinary reduction at all p ∈ S p . We will consider three height pairings associated to a "p-adic logarithm" ℓ as in (1.1.1). (The material of this subsection is entirely taken from [28] and [32] , to which we refer for more details; our notation and conventions are fixed as in [32, especially §7] .) They are analogous to the classical Néron-Tate height pairing
(which, for an elliptic curve over K, we always take to be normalised over K). The first p-adic pairing is the "canonical" height pairing
We will not recall its definition. The second one is the extended pairing h ℓ of (1.
It extends h ℓ , and a concrete description is given in [32, §7.14]; let
Lemma 2.1.1. -Suppose that K/K 0 is a finite Galois extension and that A = E K for an elliptic curve E/K 0 . Then the pairing
Proof. -This is a special case of a result which holds in general for an induced representation V = Ind Finally, the third height pairing, the norm-adapted h
where each ℓ(q A,p ) = 0 by [?stet], and for α 1 , α 2 , α 3 ∈ K × p with ℓ(α 3 ) = 0, the ratio ℓ(α 1 )ℓ(α 2 )/ℓ(α 3 ) ∈ Γ ⊗ Q is defined as follows. Let ̟ ∈ K × p be an element of valuation n > 0 in the kernel of ℓ; then we may uniquely write α
for any sufficiently large m ∈ N.
where r := dim L M L , the x i ∈ M are any r elements forming a basis of M L , and the determinant of an r × r matrix with entries in Γ is computed via the usual alternating sum of products along generalised diagonals.
2.2. Gross-Zagier and Waldspurger formulas. -We give explicit versions of the Waldspurger, Gross-Zagier, and p-adic Gross-Zagier formulas.
Shimura curves and Shimura sets. -If N − is a squarefree integer, we denote by B N − the quaternion algebra over Q of discriminant N − ; it is definite (resp. indefinite) if and only if N − is the product of an odd (resp. even) number of primes. If R ⊂ B is an Eichler order, we denote by X N − (R) the Shimura set (resp. Shimura curve) of level R. Explicitly, in the definite case
In the indefinite case, X is a projective algebraic curve over Q such that
where H ± = C − R and {cusps} is a finite set, non-empty only if N − = 1. If N + is an integer prime to N − and R is an Eichler order of level N + which is either understood from context or whose specification is unimportant, we write X
The setup.
-Let E/Q be an elliptic curve of conductor N with ordinary reduction at the prime p. Let K be an imaginary quadratic field of discriminant D prime to N , and let η be the associated quadratic Dirichlet character and u := |O
is a product of primes which are split (respectively, inert) in K, and we assume that N − is squarefree. We let
Let I E be the ideal, in the spherical Hecke algebra T N p for the level N p, generated by the
(Note that, by the Jacquet-Langlands correspondence, the algebra T N also acts on level-N automorphic forms on any quaternion algebra.)
Finally, let φ be the normalised newform of level Γ 0 (N ) associated with the isogeny class of E, and let (φ, φ) Γ0(N ) be the Petersson norm with respect to the hyperbolic volume dxdy on Γ 0 (N )\H. We denote the ratio of the Néron period of A = E K with this Petersson norm by
Note that this does not depend on the specific imaginary quadratic field K.
Theorem 2.2.1 (Waldspurger formula). -Suppose that ε = +1 (equivalently, that the squarefree integer N − is the product of an odd number of primes). For each
x /{±1}| and define a pairing on Z[X] by
be an integer-valued function on X annihilated by the Hecke operators in I E , and let
Then we have L(A, 1)
Proof. -This is a special case of [10, Theorem 1.2]. The proof is based on the original Waldspurger formula ( [49] or [16, (1.4.1)]), which is a more general if less explicit statement: namely f is not necessarily a newform, and the right-hand side contains some extra local terms (toric integrals, denoted by β v in [10] and, for comparisons, by α v in [51] , by P v in [13] , by Q v in [16] ). Then the deduction essentially amounts to (i) a computation of the local integrals and (ii) a formula relating the Asai L-value to 8π
Theorem 2.2.2 (Gross-Zagier formula). -Suppose that ε = −1 (equivalently, that the squarefree integer N − is the product of an even number of primes). Let J be the Albanese variety of the Shimura curve X, and embed X ֒→ J by sending the Hodge class [51] to 0. Let f : J → E be a nontrivial morphism, and let
Let H be the Hilbert class field of K and let P ∈ X(H) be a CM point for K of conductor 1.
Consider the Heegner point
where t → σ t is the reciproctiy map of class field theory. Then
Proof. -This is a special case of [10, Theorem Before stating the p-adic analogue, we recall the existence of p-adic L-functions. 
where N (p) is the prime-to-p part of N and η is the quadratic Dirichlet character associated with K.
Proof. -This is a theorem of Amice-Vélu and Vishik (see [28, Chapter I] ) for E, and of PerrinRiou [37] for E K (for p odd, in general see [16, Theorem A] ; the proof of the functional equation in [37] applies to the case p = 2 given the existence of L p (A)). Theorem 2.2.4 (p-adic Gross-Zagier formula). -Under the assumptions of Theorem 2.2.2, suppose moreover that p splits in K, and that E has ordinary (good or multiplicative) reduction at p. Then
Note that when E has split multiplicative reduction, the identity is the trivial 0 = 0.
Proof. -This is a special case of the analogous result to [10, Theorem . When E has good reduction and all v|N split in K, this formula was proved by Perrin-Riou [36] .
The "Heegner index". -Let E be an elliptic curve of conductor N . Let N − be a squarefree divisor of N and let f ∈ Z[X
. Let K be an imaginary quadratic field, and define
where w runs over the primes of K. Under Hypothesis (BSD ∞ )-2 for E K , we have
Corollary 2.2.5.
-Let E/Q be an elliptic curve of conductor N , let K be an imaginary quadratic field, A = E K , and assume that r an := ord s=1 L(A, s) ≤ 1. Let N − and f be as in either Theorem 2.2.1 (case r an = 0) or Theorem 2.2.2 (case r an = 1). Then there is a positive integer i(A, f ) such that
and explicitly
where in both cases the right-hand is finite by the work of Kolyvagin [25] .
Proof. -The result follows form the definitions and the Waldspurger and Gross-Zagier formulas (Theorems 2.2.1 and 2.2.2).
Evidence over Q
In this section we prove Theorem A.
3.1. Preliminaries. -We first study some invariance properties of Conjecture (BSD p ).
We start by recording an alternative statement of our conjecture, closer to the original conjecture of Mazut-Tate-Teitelabum [28] in its usual formulation. Recall the L-invariant defined in (1.2.1), and let
where r = ord s=1 L(A, s). 
The proof, by elementary linear algebra, is already given in [28, p. 35] in slightly different language.
Lemma 3.1.2. -Suppose that E/Q has multiplicative reduction at p and let K be an imaginary quadratic field in which p is unramfied. The twist E (K) has multiplicative reduction at p too, and the following are equivalent:
1. p splits in K (respectively, p is inert in K); 2. E and E (K) have the same reduction type at p, either both split or both non-split (respectively, E and E (K) have different reduction type at p);
3. the base-change E K has zero or two (respectively, one) primes above p of split multiplicative reduction. If p splits in K, then more precisely r exc (E K ) = 2 (respectively, r exc (E K ) = 0) if E has split (respectively non-split) multiplicative reduction.
The proof is easy and left to the reader. Proposition 3.1.3. -Let E be an elliptic curve over a number field F and let Γ be a Z p -free quotient of Γ F . Let "Conjecture X" be either of Hypotheses (L p ), (BSD ∞ ), or Conjecture (BSD p ).
1. If E ′ is isogenous to E, then Conjecture X holds for (E, Γ) if and only if it holds for (E ′ , Γ). 2. Suppose that F = Q and let K be an imaginary quadratic field in which p is unramified, and Γ = Γ Q (which we also view as a quotient of Γ K ); then Hypothesis (L p ) holds for E, the twist E (K) , and the base-change E K . Hyptothesis (BSD ∞
, Γ) and the two sides of (1.
Proof. -Part 1 is obvious for (L p ), and classical for (BSD ∞ ), see [46] . It is already observed in [28] that the proof can be adapted to the case of (BSD p ) by noting that, for any p ∈ S
, the Q-lines generated by q E,p and q E ′ ,p in F × p are the same, and the right-hand side of (1.1.8) for E only depends on Qq E,p and not on q E,p . (In the formulation of Proposition 3.1.1, this is simply the observation that
.) The assertions on (L p ) in part 2 are contained in Proposition 2.2.3. The equivalence statement for (BSD ∞ ) is also classical. To adapt its proof to the case of (BSD p ), note that by Lemma 3.1.2, the sets S
3.2. Proof of Theorem A. -We prove Theorem A, whose statement we recall in the following slightly more general form.
Theorem 3.2.1.
-Let E/Q be an elliptic curve with ordinary reduction at the prime p. Suppose that r := ord s=1 L(E, s) ≤ 1. Then: 1. If the reduction of E at p is not split multiplicative or r = 0, then Conjecture (BSD p ) holds. 2. If r = 1 and the reduction of E at p is split multiplicative, suppose that p ≥ 5. Then Conjecture (BSD p ) holds up to a nonzero rational number; if moreover there is at least another prime m = p of multiplicative reduction for E, then Conjecture (BSD p ) holds exactly, that is
-If E/Q has good supersingular reduction at p and r = 1, then the analogue of Conjecture (BSD p ) is proved by Kobayashi [24] .
Proof in case 1. -If r = 0, then the result is trivial unless the reduction is split multiplicative; in that case, it is due to Greenberg-Stevens [17] if p ≥ 5. A different proof, based on ideas of Kato-Kurihara-Tsuji (unpublished), is given by Kobayashi in [23] (see also [14] ); as written there it applies directly to any p ≥ 3, and it extends to cover the case of p = 2 after inserting the appropriate modifications of the theory of the Coleman map described in [24, §3] and [35] .
Suppose that r = 1 and the reduction is not split multiplicative. By Lemma 3.1.3 we may in fact prove the formula for E K , where we choose K to be an imaginary quadratic field in which all primes dividing N split, and such that L(E (K) , 1) = 0. (The existence of such K is guaranteed by [?murty2].) Let A = E K , and use the '±' notation introduced before Theorem C. Then by Corollary 2.2.5 we may rewrite the p-adic Gross-Zagier formula of Theorem 2.2.4 as
as desired.
Remark 3.2.3.
-If E/F is a modular elliptic curve over a totally real field, whose reduction at every p|p is ordinary but not split multiplicative, and if we have ord s=1 L(E, s) ≤ 1, then by the same argument (comparing the main results of [16] and [51] ), Conjecture (BSD p ) holds for E up to a conjecture on the commensurability of Ω E with a certain automorphic period (this last point is discussed in [15, §9] ).
Remark 3.2.4. -The result of Greenberg-Stevens is generalised to modular elliptic curves over totally real fields by Mok [29] and Spiess [43] . In particular this proves Conjecture (BSD p ) over totally real fields in the case of analytic rank 0, up to the conjecture on periods mentioned in the previous remark.
Proof in case 2. -The rest of this section is dedicated to the proof of Theorem 3.2.1 in the case in which E has split multiplicative reduction at p ≥ 5 and r := ord s=1 L(E, s) = 1. The result is proven by Venerucci [48] up to a rational constant. We remove the ambiguity assuming the condition that E has a prime m = p of multiplicative reduction; we fix such an m. We will in fact prove Conjecture (BSD p ) for the base-change of E to a suitable auxiliary imaginary quadratic field K. More precisely, denoting by N the conductor of E, let K be an imaginary quadratic field of discriminant D such that (a) p and m are inert in
(The existence of such K is again guaranteed by [?murty2].) By Proposition 3.1.3 and the (trivial) validity of Conjecture (BSD p ) for E (K) , the statements of Conjecture (BSD p ) for E and for E K are equivalent.
We need some more notation. Let J be the Jacobian of the Shimura curve X = X mp 0 (N/mp). Let I E be the ideal in the spherical Hecke algebra generated by the operators T v − a v (E) for v ∤ N , and let f ′ : X ′ = X m 0 (N/m) → Z be a generator of the space of integer-valued functions annihilated by I E . Proposition 3.2.5 (Venerucci). -With notation as above, suppose that E is an optimal quotient f : J → E of J, that is, that f ∨ is injective. (9) Let P (f ) ∈ E(K) be the corresponding Heegner point.
Then
where
(with the notation of Theorem C), and c p is the Tamagawa number of E at p.
Proof. -This is [48, Theorem D], whose P is our P (f ), taking into account the value of the constant ℓ 3 of loc. cit., which is explicitly given in terms of previously defined constants ℓ 2 and ℓ in [48, §6.5, §6.4, Remark 2.2]. Note that in fact ℓ 3 = 2ℓ 2 · ord p (q E,p ) (there is a typo in [48] ), and that by Tate's p-adic uniformisation, we have c p (E) = ord p (q E,p ).
We explain the different normalisations accounting for apparent discrepancies in the powers of 2 between [48] and our statement. As the composition Γ Q ֒→ Γ K ℓ + → Γ + ∼ = Γ Q is multiplication (8) This argument was of course already made by Perrin-Riou [36] when E has good reduction. (9) Note that this can always be achieved up to replacing E by an isogenous curve.
by 2, we have h norm,+ (P (f ), P (f )) = 2h norm ℓQ (P (f ), P (f )), where in the second expression we view 2 times our Petersson product; and the quaternionic inner product of loc. cit. is 1/2 times our inner product. Indeed both of the normalisations in loc. cit. are inherited from [8] : see [8] for the first assertion, whereas it is easiest to see the second assertion by comparing the Waldspurger formulas of [8 
.
For future reference, we remark that the result and its proof remain valid if m is replaced by any squarefree product N − of an odd number of primes different from p.
Proof. -Let X p (J) be the character group of the toric part of the reduction of J. The asserted result is proved by Takahashi [45, Corollary 2.6] (see also [40, §2] ) with δ(f
, where g is a generator of the free rank 1 saturated Z-submodule X p (J)[I E ] ⊂ X p (J) annihilated by I E , and u J : X p (J) × X p (J) → Z is Grothendieck's monodromy pairing.
To complete the proof, we then need to compare f ′ , f ′ and u J (g, g). In fact by the CerednikDrinfeld uniformisation,
× is the set of edges in the dual graph of the reduction of the Shimura curve X at p, so that g may be identified with f ′ up to a sign. Moreover by the Picard-Lefschetz formula, the pairing u J is the restriction of the pairing , on E of (2.2.1). We conclude that u J (g,
This completes the proof of Conjecture (BSD p ) for (E K , Γ Q ). By Proposition 3.1.3 and the trivial validity of (BSD p ) for E (K) , we deduce (BSD p ) for E, completing the proof of Theorem 3.2.1.
Anticyclotomic theory
The following framework and notation will be adopted for the rest of the paper (unless otherwise noted). We let E/Q be an elliptic curve of conductor N with ordinary reduction at p, and K an imaginary quadratic field of discriminant D prime to N p. We factor N = N + N − where N + (respectively N − ) is a product of primes which are split (respectively inert) in K, and we assume that N − is squarefree. For N ? = N, N + , N − we denote by N ?,(p) the prime-to-p part of N ? . Recall also the sign ε := −η(N (p) ) from (2.2.2). For primes v ∤ N , we let a v := v +1−|E(F v )|, and we let α ∈ Z p be the unit root of X 2 −a p X +p if p ∤ N , and α = +1 (resp. α = −1) if E has split (resp. nonsplit) multiplicative reduction at v. We denote by I E ⊂ T N p the ideal generated by T v − a v (E) for v ∤ N p. We will use the notation 
. Let H n ⊂ K ab be the ring class field of K of conductor n, H ∞ := n H n . By class field theory, we have a canonical identification G n ∼ = Gal(H n /K) for all n = 0, 1, . . . , ∞.
For n ≥ 1, let
acts on X, let z n := z 0 · g n ∈ X. Let f : X 0 → Z be a nontrivial function annihilated by the Hecke operatros in I E . Denote still by f : X → X 0 f → Z the composition, and let
For n ≥ 0, let
where u 0 = u = |O × K |/2 and u n = 1 if n ≥ 1. The elements Θ n satisfy the compatibility relation Θ n → Θ n−1 for all n ≥ 1 under the natural quotient maps. Hence we may form their limit in Z p G ∞ and consider its projection to Z p Γ − :
(Note that taking the image of z n under α −n f † is the same as taking the image under f of the 'regularised' versions of z n defined in [3, §2.5].) Remark 4.1.1. -The construction of Θ presented in [7, §4] depends on the choice of an 'admissible' (one or two choices have to be excluded) half-line {v 0 g n } n in the Bruhat-Tits tree T of GL 2 (Q p ) = B Case ε = −1. -Let J (resp. J 0 ) denote the Albanese variety of X (resp. X 0 ). Let f : J 0 → E be a nontrivial morphism and denote still by f the composition J → J 0
p acts on Hom (J, E) via its action on J.
Let z 0 ∈ X(H 0 ) be a CM point of conductor 1 and, recalling that
For χ : G ∞ → Λ × a character valued in the units of some ring Λ, let Λ(χ) denote the Galoismodule Λ with action by χ, and let
If G is any quotient of G ∞ and Λ = Λ G = Z p G , denote by χ univ,G : Gal(H ∞ /K) → Λ × G the universal character; when G = G n we set χ univ,n = χ univ,G ; when G = Γ − we set χ
where again u 0 = u = |O × K |/2 and u n = 1 if n ≥ 1. The elements P n satisfy the compatibility relation P n → P n−1 for all n ≥ 1 under the natural quotient maps A(χ univ,n ) → A(χ univ,n−1 ). Hence we may form their limit in A(χ univ,G∞ ) and consider its projection to A(χ − univ ):
We still denote by P the image of P in the Selmer group
. By the work of Nekovář [33] there is a natural extension
(and in fact a similarly good behaviour holds under all specialisations). By (0.8.0.1) ibid. and the fact that χ − univ is infinitely ramified, (11) the map (4.1.2) is an isomorphism, and we still denote by
the resulting element.
Remark 4.1.2. -A more explicit but equivalent construction of the lifting of P from A(χ
− ) (or rather, in the framework adopted there, to a certain extended big Mordell-Weil group) is given in [3, §2.6] .
The observations of Remark 4.1.1 also apply to the present case.
Bertolini-Darmon conjectures. -We review (and slightly reformulate) conjectures of
Bertolini and Darmon [3, 7] on the 'leading terms' of Θ and P.
Pfaffian regulators. -Let M be a finitely generated Z module equipped with an involution c. Let L be a field of characteristic zero, Γ a finite-dimensional vector space over L, and
for all x, y ∈ M . Denote by M ± L the ±-eigenspaces for the action of c on M L and, for ? = +, −, ∅,
L . Suppose first that r is even. We define the Pfaffian-regulator of h on M to be pf (M, h) := [M :
where x 1 , . . . , x r are elements of M forming a basis of M L , and in the right-hand side 'pf' denotes the Pfaffian of an antisymmetric matrix. Note that pf (M ) is well-defined only up to a sign, depending on the orientation of the chosen basis. Comparing with Definition 2.1.2, we find pf (M ) 2 = sgn(c)R(M ), where R(M, h) is the regulator of h on M and sgn(c) is the determinant of c on M L . In fact h is degenerate unless r + = r − ; therefore in all cases
In this case we can define a 'higher' Pfaffian regulator Pf (M, h) ∈ M ⊗ Sym (r−1)/2 Γ. Suppose first that there is a non-torsion element x ∈ M in the radical of h whose image in M L belongs to the larger of M
This is well-defined up to sign: it is apparent that the definition only depends on the line generated by x in M L ; if this is not unique, then |r + − r − | ≥ 2, which implies R(M ) = 0, and Pf (M ) = 0 regardless of the choice of x in the definition.
In general, denote by M the image of M in M L , and let γ ∈ GL(M L ) be an element such that γM ⊂ M L contains an element x ′ in the radical of h; let M ′ := γM ⊕ M tors . Then we define
Going back to our situation, consider the Z-module A † (K) equipped with the pairing h
Recall the number I(A, f ) from (2.2.3), and under the same assumptions define
where p runs over the primes of K above p and e p (1) is as in Conjecture (BSD p ). 1. Suppose that ε = +1. Then r is even, Θ = Θ(f ) ∈ O(Y − ) b vanishes at χ − = 1 to order at least r/2, the number I(A, f ) is the square of an integer i(A, f ), and up to a sign
to order at least ( r − 1)/2, the number I(A, f ) is the square of an integer i(A, f ), and up to a sign
Remark 4.2.2. -Suppose that f is optimal, i.e. either surjective onto Z (case ε = +1) or with connected kernel (case ε = −1), and moreover that the following identities hold:
1 is equivalent to the original conjecture formulated by Bertolini-Darmon in [3] . Assume that E is isolated in its isogeny class, let f 0 : J 0 (N ) → E be the optimal modular parametrisation, and let c = c E ∈ N be the Manin constant of E [27, p. 6]; it satisfies c ∞ (E K ) −1 = c 2 δ(f 0 ). The identity (ii) is then implied by the conjecture that c = 1 together with the main results of Ribet and Takahashi in [40, 45] , asserting that δ(f 0 )/δ(f ) = v|N − c v (E); cf. [6, Remark 6.6, Theorem 6.7]. It is not clear to us whether (ii) should hold in general.
The conjecture is only made up to sign, since the right-hand side is insensitive to changing f into −f whereas the left-hand side is not. However we have the following elementary observation about signs.
Qp induced by inversion on Γ − , and denote the image under * of an element s of some O(Y − ) b -module by s * . Suppose that Θ (resp. P) vanishes at 1 to order ≥ s (resp. ≥ s ′ ). Then Evidence. -We next summarise the available evidence towards the Bertolini-Darmon conjecture in cases where r exc (A) = 0. By the Lemma 3.1.2, up to switching E and E (K) we may then suppose that E has split multiplicative reduction. 1. r an = 0 and p is inert in K, as an exact identity when E is isolated in its isogeny class, and up to a nonzero multiplicative constant otherwise. 2. r an = 0 and p splits in K. 3. r an = 1 and p is inert in K. 4. r an = 1, p ≥ 5 splits in K, and N − = 1.
Proof. -Parts 1-3 are essentially due to Bertolini-Darmon; we shall recall their results, then deduce Part 4 from a recent result of Castella and Molina Blanco. When p splits in K we write pO K = pp * . The choice of p or p * will only affect the formulas which follow up to a sign, therefore it won't be specified.
1. This is essentially the main result of [4] . In its reformulation in [7, Theorem 5.4, §5.2], we have
for some i(A, f ) ∈ Z p , which is denoted there by κ, and equals c −1 p · λ qE ((y n )) in the notation of [4, Theorem 5.1] , with c p = c p (E) = ord p (q E,p ). (Namely, y = lim n y n ∈ q × E,p⊗ Q p is identified with P(1); and λ qE , which also has a geometric interpretation, is simply the homomorphism to Q p deduced from ord p .) It is proved in loc. cit. that λ qE ((y n )) = 2. This is the main result of [6] . In this case r = 2 and
where the second equality is by Corollary 2.2.5. 3. We deduce this from the main result of [5] . In this case r = 2; we introduce some notation.
Let X = X
be the unique-up-to-sign surjective map annihilated by the Hecke operators in I E (resp., the morphism with connected kernel, which exists after possibly replacing E by an isogenous curve). We may and do assume that Θ = Θ(f ) is constructed starting from f . Then
Then M ′ /Zx ′ is freely generated by q A,p and q A,p * , and
As the last term is e p (1)
and we conclude by Corollary 2.2.5.
Remark 4.2.6. -The work of Molina Blanco [30] also provides a generalisation to totally real fields of the results of [6] . A similar generalisation has been independently obtained by Pin-Chi Hung [22] . 
Proof. -This is essentially a special case of [13, Theorem A]: more precisely, that result combined with Theorem B ibid. implies that the following identity (or equivalently all of its specialisations at finite χ − ∈ Y − ) holds:
Here Θ ′ is the same as our Θ, except for a different choice of the sequence g n ; as noted in Remark 4.1.1, we then have Θ ′ ·Θ ′ * = Θ·Θ * . The sign ε(E) := v ε v (E) (the product ranging over all places of Q) is the global root number of E. Finally, by (3.9) ibid., f, f R := f, τ f for the pairing (2.2.1) and an Atkin-Lehner element τ = v|N τ v ∈ B
× . By Atkin-Lehner theory combined with the Jacquet-Langlands correspondence (see [3, Theorem 1.2] 
As N − is the squarefree product of an odd number of factors and ε ∞ (E) = −1, we deduce τ f = ε(E)f . Inserting this into (4.3.2) yields (4.3.1).
We recall the steps of proof of [13, Theorem A] , in order to show that the previous argument can be unwound and then carried over to the proof of the next theorem. The starting point is the original representation-theoretic Waldspurger formula [49] or [51, (1.4.1) ], which in the form used in [13, proof of Proposition 3.5] reads (with slightly different notation) 
The local computations corresponding to such choices are the same as those in [13, §3] except for the addition (or subtraction) of the ingredient of Atkin-Lehner functional equations. Steps (i)-(iii) (for our choices of f i ) are also in [10] .
be the 'big height pairing' constructed by Nekovář [33, §11] . It specialises to the pairing h + at χ − = 1 ∈ Y − (and an equally good specialisation property holds for all finite order χ − ∈ Y − ).
Conjecture 4.3.2 (p-adic Gross-Zagier formula in anticyclotomic family)
Suppose that E is ordinary at p and that A , and a careful discussion of the various pairings involved and their relation or analogy to the ones appearing in versions of Waldspurger's formula, we refer to [10] . (14) More precisely, one can choose a pairing , on π ⊗ π analogous to the Petersson pairing in [3] , the other terms of comparison were not available in general; besides the purely anticyclotomic single-variable case of (BSD p ) which they conjectured, there was rather a relation of analogy with the archimedean Birch and Swinnerton-Dyer conjecture, via the archimedean Waldspurger and Gross-Zagier formulas.) (13) When E has good reduction and all v|N split in K the result was proved by Howard [20] . (14) The discussion in [10] is based on [51] rather than [16] , but those two works adopt exactly the same framework. The constants appearing in the archimedean and p-adic Gross-Zagier formula exactly match: compare [16, (1.1.3) and Theorem B]. (15) Step (iv) is also carried out in [16 We retain the setup and notation of §4.1. Let r an := ord s=1 L(A, s)+|S exc p (A)|, r := dim A † (K) Q , and
By the anticyclotomic Waldspurger/Gross-Zagier formula, we shall mean either Theorem 4.3.1 (case ε = +1) or Conjecture 4.3.2 (case ε = −1).
By the Bertolini-Darmon Conjecture, we shall mean Conjecture 4.2.1, except for the assertion that the p-adic number I(A, f ) 1/2 is an integer. By the almost-anticyclotomic case of Conjecture (BSD p ), we shall mean the following statement:
equals the projection of the right hand side of (1.1.8) under r/2 . Then the desired equivalence is reduced to the identity
5.2. Proof of Theorems B and C. -We proceed to prove our main theorems, after some preliminaries which allow to settle 'trivial' cases.
Proposition 5.2.1. -1. We have
2. Suppose that L p (A) vanishes to order ≥ i + j at χ = 1. Then if i ≡ r (mod 2), we have
Proof. -The sign of the functional equation for L(A, s) is −η(N ) = (−1) ran ; then part 1 is equivalent to the statement that r exc is odd if and only if p|N and p is inert in K, which follows from Lemma 3.1.2. Part 2 follows from part 1 and the functional equation for L p (A), and part 3 from part 2.
The following is the counterpart of the previous proposition on the arithmetic side.
Proof. -By Lemma 2.1.1, the map
Qp . The result follows.
The proof of Theorem B for is naturally subdivided into several cases corresponding to the projections π i : Sym r Γ → (Sym i Γ + ⊗ Sym r−i Γ − ). The identity between the images of both sides of (1.1.8) under the above projection will be referred to as the purely cyclotomic case if i = r, as the purely anticyclotomic case if i = 0, and as a mixed case if 0 < i < r.
By Proposition 3.1.3, the purely cyclotomic case is always reduced to the case K = Q treated before.
Case r = 0, p inert. -This is trivial unless A has (necessarily split, by Lemma 3.1.2) multiplicative reduction, in which case we have r = 1 for A. The cyclotomic case is reduced to Theorem 3.2.1 as remarked before. By Propositions 5.2.1.3 and 5.2.2, the anticyclotomic case is reduced to the equality 0 = 0.
Remark 5.2.3. -In this context, the purely cyclotomic and the almost-anticyclotomic case of (BSD p ) coincide. A proof using Proposition 5.1.1 would presently only be conditional, as the p-adic Gross-Zagier formula is not available when p is inert K. Nevertheless it seems worth highlighting that such a formula, combined with Bertolini-Darmon's
P(1)
. = q A,pOK (Theorem 4.2.5.1) would yield an intriguing (and difficult) proof of the result of Greenberg-Stevens.
Case r = 0, p split.-Again the only non-trivial case is the one of split multiplicative reduction with r = 2 and A † (K) Qp generated by q A,p ∈ K 
Qp . Case r = 1, p inert. -The purely cyclotomic case is reduced to Theorem 3.2. The almost-anticyclotomic case is equivalent to the following, which is precisely Theorem C in the Introduction. Theorem 5.2.4. -Let E/Q be an elliptic curve with conductor N and split multiplicative reduction at the prime p ≥ 5. Let K be an imaginary quadratic field such that all primes dividing N split in K and let A := E K ; then S exc p (A) = S p = {p, p * }. Suppose that ord s=1 L(A, s) = 1. We have d i L p (A) = 0 for all i ≤ 2, and
Proof. -We give two proofs.
1. Observe first that R norm,− (A) = 0 as A(K) Qp is a c-eigenspace and h norm,− satisfies (4.2.1). Then by Proposition 3.1.1, the right-hand side of (5.2.2) equals the image under π 1 of the right-hand side of (1.1.8). Since under our assumption we have just proved that (1.1.8) holds, so does (5.2.2). 2. We can unwind the previous argument to give a more self-contained (but not essentially different) proof. Let P be P viewed as an element of H
, and consider the pairing [38] : its specialisations coincide with those of h + at all finite order χ − ∈ Y − − {1}, whereas at χ − = 1 it specialises to h norm,+ . We may then rewrite (4.3.4) in the form
−1 · h norm,+ P, P * δ(f ) (since the specialisations of both formulas at all finite order χ − ∈ Y − coincide: at χ − = 1 both reduce to 0 = 0). We can then directly obtain Theorem 5.2.4 by applying (d − ) 2 , inserting the formula d − P(1) = L − p (A) · P (f ) of (4.2.5), and fixing constants via Corollary 2.2.5.
